Abstract: We study maximal pseudocompact spaces calling them also MP-spaces. We show that the product of a maximal pseudocompact space and a countable compact space is maximal pseudocompact. If X is hereditarily maximal pseudocompact then X × Y is hereditarily maximal pseudocompact for any first countable compact space Y . It turns out that hereditary maximal pseudocompactness coincides with the Preiss-Simon property in countably compact spaces. In compact spaces, hereditary MP-property is invariant under continuous images while this is not true for the class of countably compact spaces. We prove that every Fréchet-Urysohn compact space is homeomorphic to a retract of a compact MP-space. We also give a ZFC example of a Fréchet-Urysohn compact space which is not maximal pseudocompact. Therefore maximal pseudocompactness is not preserved by continuous images in the class of compact spaces.
Introduction
A topological space X (with no separation axioms assumed) is called feebly compact if every locally finite family of nonempty open subsets of X is finite. Maximal feebly compact spaces were studied in [4, 12, 13] . In [3] the maximality of this class was studied in the realm of Tychonoff spaces. To avoid confusions, we will follow the terminology of [3] calling a space pseudocompact if it is feebly compact and Tychonoff. Accordingly, a space X is said to be maximal pseudocompact or an MP-space if it is pseudocompact and any stronger Tychonoff topology on X fails to be pseudocompact.
It is easy to see that any first countable pseudocompact space is maximal pseudocompact; it was asked in [3, Question 2.24] whether Fréchet-Urysohn property in compact spaces is sufficient to imply maximal pseudocompactness. In this paper we give an example showing that a Fréchet-Urysohn compact space need not be maximal pseudocompact. It is still an open problem to find an internal characterization of maximal pseudocompactness.
Maximal pseudocompactness is not preserved by products even in compact spaces: the relevant example was given in [3] . On the other hand, it was proved in [3] that X × (ω + 1) is maximal pseudocompact whenever X is maximal pseudocompact. We generalize this result establishing that X × M is maximal pseudocompact if X is maximal pseudocompact and M is a countable compact space.
We call a space X hereditarily maximal pseudocompact if every closed subspace of X is maximal pseudocompact. It turns out that hereditary MP-property is closely related to the Preiss-Simon property introduced and studied in functional analysis and C -theory. Recall that X is a Preiss-Simon space or has the Preiss-Simon property if for every closed set F ⊂ X , each point ∈ F is a limit of a sequence of non-empty open subsets of F . We will establish that a countably compact space X is hereditarily maximal pseudocompact if and only if it is a Preiss-Simon space. We also prove that the Preiss-Simon property is multiplicative in the products of countably compact spaces with compact first countable spaces. As a consequence, for any hereditarily maximal pseudocompact space X , the space X × Y has to be hereditarily maximal pseudocompact for any first countable compact Y .
We also show that every Fréchet-Urysohn compact space is a retract of compact Fréchet-Urysohn maximal pseudocompact space. As an easy consequence, maximal pseudocompactness is not preserved by continuous images in compact spaces. On the other hand, the hereditary maximal pseudocompactness is invariant under continuous maps in the class of compact spaces but not in countably compact spaces.
Notation and terminology
All spaces are assumed to be Tychonoff. If X is a space then τ(X ) is its topology and τ * (X ) = τ(X ) \ {∅}. Given any point ∈ X let τ( X ) = {U ∈ τ(X ) : ∈ U}. The set R is the real line with its usual topology and D = {0 1} is the doubleton with the discrete topology.
A sequence {A : ∈ ω} of subsets of a space X is said to converge to a point ∈ X if for any U ∈ τ( X ) there exists ∈ ω such that A ⊂ U for all ≥ . A space X has the Preiss-Simon property if for every closed set F ⊂ X and every ∈ F , there exists a sequence of non-empty open subsets of F that converges to . Given a space X , a set
For any X , the tightness (X ) of the space X is the minimal cardinal κ such that A = {B : B ⊂ A and |B| ≤ κ} for any A ⊂ X . A space X is Fréchet-Urysohn, if for any A ⊂ X and ∈ A, there is a sequence { : ∈ ω} ⊂ A with → . A compact space X is called Eberlein compact if X embeds into a space Σ * (κ) = { ∈ R κ : for any ε > 0 the set {α < κ : | (α)| > ε} is finite} for some cardinal κ. If for some cardinal κ, a compact space X embeds in the space
If X is a space and ∈ X then a family B ⊂ τ * (X ) is called a local π-base at if every U ∈ τ( X ) contains an element of B. The minimal cardinality of a local π-base at is called π-character of X at and is denoted by πχ ( X ). The π-character πχ(X ) of the space X is the cardinal sup {πχ ( X ) : ∈ X }.
The rest of our notation is standard and follows the book [6] .
Maximal pseudocompactness in subspaces and products
It was proved in the paper [3] that the product of two hereditarily maximal pseudocompact spaces need not be maximal pseudocompact. On the other hand, if X is maximal pseudocompact then X × (ω + 1) is also maximal pseudocompact: this was also proved in [3] . We will generalize this result and give a sufficient condition for a product of two hereditarily maximal pseudocompact spaces to be hereditarily maximal pseudocompact.
[3, Theorem 2.4] implies that any Fréchet-Urysohn pseudocompact space with a dense set of isolated points is maximal pseudocompact. In particular, the one-point compactification of a discrete space is maximal pseudocompact; this shows that the cardinality of a maximal pseudocompact space is unbounded.
Proposition 3.1.
If X is a maximal pseudocompact space then πχ(X ) ≤ ω and |X | ≤ (X ) ω .
Proof.
If is an isolated point of X then clearly πχ ( X ) ≤ ω. If ∈ X is not isolated then by [3, Theorem 2.1] there exists a sequence S = {U : ∈ ω} of non-empty open subsets of X which converges to . It is evident that S is a countable π-base at so πχ ( X ) ≤ ω. To prove the second inequality, take a dense set D ⊂ X such that |D| = (X ) and observe that every point of the space X is a limit of a sequence from D (see [3, Lemma 2.8] Proof. The space A ⊕ (X \ A) has the same underlying set X and a strictly stronger pseudocompact topology.
Corollary 3.4.

If a space X has a proper dense pseudocompact subspace then X is not maximal pseudocompact.
Proof. If Y is a dense pseudocompact subspace of X and Y = X then fix a point ∈ X \ Y and observe that X \ { } is also pseudocompact because Y is dense in X \ { }. Therefore {X \ { } { }} is a partition of X into pseudocompact non-clopen subsets so X is not an MP-space by Proposition 3.3.
Corollary 3.5.
If X is a pseudocompact non-compact space then no compactification of X is maximal pseudocompact.
Proposition 3.6.
A space X is compact and maximal pseudocompact if and only if βX is maximal pseudocompact.
Proof. If X is compact and maximal pseudocompact then βX = X is maximal pseudocompact. Now, if βX is maximal pseudocompact and X is not compact then take a point ∈ βX \ X and observe that β (βX \ { }) = βX so we can apply [8, 6J] to conclude that βX \ { } is pseudocompact. Therefore we have a decomposition {βX \ { } { }} of the space βX into two disjoint pseudocompact non-clopen subsets so βX is not MP by Proposition 3.3 which is a contradiction.
Recall that a compact space X is called dyadic if X is a continuous image of D κ for some cardinal κ.
Theorem 3.7.
A dyadic space X is maximal pseudocompact if and only if X is metrizable.
Proof. Every metrizable compact space is maximal pseudocompact so it suffices to prove necessity. Assume that X is an MP-space and fix a continuous onto map :
It is well known (and easy to see) that S is a dense countably compact subset of D κ . If (S) = X then the space X is a continuous image of S so it is metrizable by [5, Theorem 10] . If Y = (S) = X then Y is a proper dense countably compact subspace of X so X is not an MP-space by Corollary 3.4 which is a contradiction. Proof. It is straightforward that (c) ⇒ (b) ⇒ (a). To prove (a) ⇒ (c) assume that (X <) is an MP-space. Since any linearly ordered space is normal, X has to be countably compact. It (X ) > ω then fix a set A ⊂ X and a point ∈ X such that ∈ A but / ∈ B for any countable B ⊂ A. There is no loss of generality to consider that A ⊂ L = { ∈ X : < }.
Since A is cofinal in L , for any countable set E ⊂ L we can find a countable B ⊂ A such that for any ∈ E there is ∈ B with ≤ . It follows from / ∈ B that there exists < such that ( ] ∩ B = ∅ and hence ( ] ∩ E = ∅.
As an immediate consequence, E ⊂ L for any countable E ⊂ L which shows that L is countably compact. Therefore {L X \ L } is a decomposition of X into disjoint non-clopen countably compact subsets so X is not maximal pseudocompact by Proposition 3.3, a contradiction. Therefore χ(X ) = (X ) ≤ ω (see [6, 3.12.4 
(d)]).
The following theorem shows that the condition in Proposition 3.3 is not equivalent to a space being not maximal pseudocompact.
Theorem 3.9.
There exists a compact space X that fails to be maximal pseudocompact while for every subset A = ∅ of the space X which is not clopen, either A or X \ A is not pseudocompact.
0)} and consider the topology on K generated by the lexicographic order. The space K is compact; it is usually called the long segment. The space L = K \ {(ω 1 0)} is called the long line; it is easy to see that it is countably compact and first countable. Let = (0 0) and = (ω 1 0); then is the minimal point of K and is its maximal point. Denote by X the quotient space obtained by collapsing the set { } to a point . Let ( ) = for any ∈ L \ { } and ( ) = . Then : L → X is a continuous bijection which is not a homeomorphism because the inverse map is not continuous at the point . Therefore the space X is not maximal pseudocompact.
The space X is first countable at any point ∈ X \ { } and hence we have the following property:
for any ∈ X and any pseudocompact set A ⊂ X , if ∈ A \ A then = .
( 
If X is a maximal pseudocompact space and M is a countable compact space then X × M is maximal pseudocompact.
Proof. Every countable compact space M is homeomorphic to a countable ordinal α + 1 with its order topology (see [10] ). It was proved in [3] that X × (ω + 1) is maximal pseudocompact for any maximal pseudocompact space X .
Suppose that α ∈ ω 1 is the smallest ordinal such that X × (α + 1) is not maximal pseudocompact; note that α is necessarily a limit ordinal, for otherwise, X × (α + 1) is a finite union of clopen maximal pseudocompact spaces and so is maximal pseudocompact. Let τ be the product topology on Y = X × (α + 1) and let ν be the topology of X . Since Y is not maximal pseudocompact, there is a strictly stronger pseudocompact topology σ on Y . We are assuming that α is the minimal ordinal for which X × (α + 1) is not maximal pseudocompact so τ and σ coincide on X × (β + 1) for each β < α and hence they also coincide on X × α. Given any set E ⊂ Y and β ≤ α let E β = { ∈ X : ( β) ∈ E}. so it is a pseudocompact subset of (Y σ ) and hence the restrictions of τ and σ on F coincide. This implies that A is a τ-neighbourhood of ( α) so our claim is trivially true. Now, if is not isolated in X then it follows from maximal pseudocompactness of (X ν) that the point is the limit of a sequence T = {B : ∈ ω} ⊂ ν \ {∅} (see [3, Theorem 2.1]). It turns out that the set J = β ∈ α : there are infinitely many ∈ ω such that B ⊂ A β cannot be cofinal in α. To see this, assume the contrary; then we can find a set I = {β : ∈ ω} ⊂ J such that β < β +1 for each ∈ ω and I is cofinal in α. It takes an easy recursion to choose a strictly increasing sequence { : ∈ ω} ⊂ ω such that B ⊂ A β for every ∈ ω. The sequence {B : ∈ ω} ⊂ T still converges to . Now, for each ∈ ω let δ = β − 1 if β is a successor ordinal; if β is a limit ordinal then pick any ordinal δ such that β −1 < δ < β . To prove this, note first that if β < α then for any ∈ X the set X × (β + 1) is a neighbourhood of the point ( β) which meets only finitely many elements of B. On the other hand if = , then since {B : ∈ ω} must also converge to , there is a neighbourhood U of which meets only finitely many elements of the family {B : ∈ ω}. But then, U × (α + 1) meets only finitely many elements of B. Therefore the family B converges to ( α) in (Y τ) and hence also in (Y σ ), since this latter space is pseudocompact; thus there is ∈ ω such that whenever ≥ , we have B × (δ β ] ⊂ A and so B ⊂ A β , a contradiction.
This shows that for some γ ∈ α and all β > γ, the set A β contains all but finitely many elements of T. It follows that ∈ cl ν (A β ) for all β > γ, i.e., Claim 1 is proved.
Claim 2. For any ∈ X , if a set I ⊂ α is cofinal in α and {( β) : β ∈ I} ⊂ A ∈ σ then ( α) ∈ cl σ (A).
is a σ -neighbourhood of so we can use Claim 1 to find an ordinal γ < α such that ∈ cl ν (U β ) for any β > γ. In particular, there exists β > γ with β ∈ I, i.e., ( β) ∈ A = Int σ (A); it follows from ∈ cl ν (U β ) that the point ( β) belongs to τ-closure of U and hence ( β) ∈ cl σ (U) because the topologies τ and σ coincide at ( β). This contradiction shows that ∈ cl σ (A), i.e., Claim 2 is proved.
Take any set A ∈ σ \ τ; then there exists a point ( α) ∈ A α such that A is not a τ-neighbourhood of ( α) and hence ( α) ∈ Bd τ (A) ∩ A. Since (Y σ ) is a Tychonoff space, there are σ -open sets U V and W such that
and W is a regular open set (so Y \ W is a regular closed set).
Since ∈ U α , it follows from Claim 1 that there is some β 0 ∈ α such that ∈ cl ν (U β ) ⊂ V β for all β > β 0 . Without loss of generality, we assume that this holds for all β ∈ α.
Let J = {µ : ∈ ω} be a cofinal subset of α such that µ < µ +1 for each ∈ ω. Since every V µ belongs to ν and contains , we can find a sequence {R : ∈ ω} ⊂ ν such that ∈ R and cl ν (R +1 that cl σ (S ) ⊂ W ⊂ A, i.e., S is a τ-neighbourhood of ( α) contained in A, contradicting the hypothesis that A is not a τ-neighbourhood of ( α).
Theorem 3.11.
If X is maximal pseudocompact then X × ω 1 is maximal pseudocompact.
Proof. If X × ω
1 is not maximal pseudocompact, then there is a pseudocompact topology σ on X × ω 1 strictly stronger than the product topology τ. The topologies τ and σ must differ at some point ( α) ∈ X × ω 1 and so σ |(X × (α + 1)) is a pseudocompact topology on X × (α + 1) stronger than τ |(X × (α + 1)), showing that X × (α + 1) is not maximal pseudocompact which is a contradiction with Theorem 3.10.
We will see later that hereditary maximal pseudocompactness behaves better with respect to products because it is equivalent to a convergence property.
Theorem 3.12.
For a space X , the following are equivalent: (c) ⇒ (a) Assume that there is a pseudocompact subspace F ⊂ X which is not maximal pseudocompact. Let σ be a pseudocompact topology on F which is strictly stronger than τ |F . Since both τ |F and σ are Tychonoff (hence semiregular) topologies, there is a regular closed set C in (F σ ) which is not closed in (F τ |F ). The space (C σ ) being pseudocompact, the set C is a non-closed pseudocompact subspace of (X τ). In an Eberlein compact space, every pseudocompact subspace is closed (see [11, Corollary 6] ), hence the next result follows immediately.
Corollary 3.14.
Each Eberlein compact space is hereditarily maximal pseudocompact.
The following example answers [3, Question 2.24].
Example 3.15.
There exists a compact space X such that C (X ) is K -analytic (i.e., X is Talagrand compact) while the space X is not maximal pseudocompact. In particular, X must have the Fréchet-Urysohn property being Corson compact.
Proof. Reznichenko constructed a compact space X for which C (X ) is K -analytic and there exists a point ∈ X such that X = β (X \ { }) and therefore X \ { } is pseudocompact (see [8, 6J] ). This example seems to have never been published; however, it was described (with a complete proof) in [7, § 8.4] . Finally, apply Corollary 3.4 to see that X is not maximal pseudocompact because X \ { } is a proper dense pseudocompact subspace of X .
Theorem 3.16.
Suppose that X is a Preiss-Simon space and : X → Y is a closed continuous onto map such that for any closed set G ⊂ Y there exists a closed F ⊂ X such that (F ) = G and F : F → G is irreducible. Then Y is a Preiss-Simon space.
Proof. Suppose that G ⊂ Y is closed and is a non-isolated point of G. We can find a closed set F ⊂ X such that (F ) = G and F : F → G is irreducible; pick a point ∈ F such that ( ) = . Since X has the PreissSimon property, is the limit of a sequence {U : ∈ ω} of open subsets of F \ { }. It is straightforward that the sequence { (U ) : ∈ ω} converges to and hence so does the sequence S = { (U ) : ∈ ω} where as usual,
Since every set # (U ) is non-empty and open in G \ { }, the sequence S witnesses that Y has the Preiss-Simon property. Proof. If X is countable then it is first countable so X is maximal pseudocompact and the theorem is trivially true. If It is easy to find a family {S : ∈ X } of countably infinite disjoint subsets of the set D; let T = { } × (S ∪ { }) for any ∈ X . We claim that the set K = {T : ∈ X } is closed in Y . Indeed, if ∈ Y \ K then = ( ) for some ∈ X and ∈ D \ S . The set V = X × { } is an open neighbourhood of and V ∩ K contains at most one point of K so K is compact being closed in Y . The set X × { } is a subspace of K homeomorphic to X ; if = ( ) ∈ K then letting ( ) = ( ) we obtain a continuous retraction : K → X × { }. Therefore X is homeomorphic to a retract of K .
Corollary 3.17.
If X is a Preiss-Simon space, then every perfect image of X is a Preiss-Simon space.
Proof. Suppose that : X → Y is a perfect map; if G ⊂ Y is closed then the map
If ∈ X then the point ( ) is in the closure of the set { } × S ; besides, for any point = ( ) ∈ { } × S the set V = X × { } is an open neighbourhood of such that V ∩ K = {( )} so every point of K \ (X × { }) is isolated in K . Since K is a compact Fréchet-Urysohn space with a dense set of isolated points, it is maximal pseudocompact by [3, Theorem 2.4].
Corollary 3.23.
A continuous image of a compact maximal pseudocompact space need not be maximal pseudocompact.
Proof. The compact space X from Example 3.15 is Fréchet-Urysohn but not maximal pseudocompact. Apply Theorem 3.22 to see that there exists a compact MP-space K such that X is a continuous image of K .
It was shown in [3] that there exist two scattered Fréchet-Urysohn compact spaces X and Y such that X × Y is not maximal pseudocompact. By [3, Theorem 2.16] both spaces X and Y are hereditarily maximal pseudocompact and hence they have the Preiss-Simon property by Corollary 3.13. Therefore the Preiss-Simon property is not productive even in compact spaces. However, we can prove a stronger result than Theorem 3.10 on products of hereditarily maximal pseudocompact spaces.
Question 10. Suppose that X is a Preiss-Simon space and : X → Y is a closed continuous onto map. Must Y be a Preiss-Simon space?
